
Solutions 3

Chapter 2

2.1

a. Let K ≡ I[y(x)]J [y(x)]. Then from the definition of variation and the
product rule, we obtain

δK =
d

dα
K(y0 + αh)α=0 =

d

dα
[I(y0 + αh)J(y0 + αh)]α=0

= I(y0 + αh)α=0
d

dα
[J(y0 + αh)]α=0+

J(y0 + αh)α=0
d

dα
[I(y0 + αh)]α=0

= I(y0)
d

dα
[J(y0 + αh)]α=0 + J(y0)

d

dα
[I(y0 + αh)]α=0

= I(y0)δJ(y0;h) + J(y0)δI(y0;h)

b. Let K ≡ I[y(x)]

J [y(x)]
where J [y(x)] �= 0. Then from the definition of varia-

tion and the product rule, we obtain

δK =
d

dα
K(y0 + αh)α=0 =

d

dα

[
I(y0 + αh)

J(y0 + αh)

]
α=0

= I(y0 + αh)α=0
d

dα

[
1

J(y0 + αh)

]
α=0

+

1

J(y0 + αh)α=0

d

dα
[I(y0 + αh)]α=0

= − I(y0)

[J(y0)]2
d

dα
[J(y0 + αh)]α=0 +

1

J(y0)

d

dα
[I(y0 + αh)]α=0

= − I(y0)

[J(y0)]2
δJ(y0;h) +

δI(y0;h)

J(y0)

2.2 Substituting Equation (1.11) into Equation (1.12), we get

I = y0 + τS

L∫
0

[−k1yP

2y0 − y
+

4k2(y0 − y)2P 2

(2y0 − y)2

]
dz
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Then the variation of I is given by

δI = τS

L∫
0

{[
− k1P

2y0 − y
− k1yP

(2y0 − y)2

]
δy −

[
k1y

2y0 − y

]
δP+

[
−8k2(y0 − y)P 2

(2y0 − y)2
+

8k2(y0 − y)2P 2

(2y0 − y)3

]
δy+

[
8k2(y0 − y)2P

(2y0 − y)2

]
δP

}
dz

2.3 The augmented functional is given by

J = I +

τ∫
0

{
λ1

[
−ẋ+

Fxxf

V
− (Fx + Fy)x

V
− kxxy

]
+ λ2

[
−ẏ +

Fyyf
V

−

(Fx + Fy)y

V
− kxxy − kpyμ0

]
+ λ3

[
−μ̇0 + kxxy − (Fx + Fy)μ0

V

]

+ λ4

[
−μ̇1 + kxxy − (Fx + Fy)μ1

V
+ kpyμ0

]
+ λ5[−μ̇2 + kxxy−

(Fx + Fy)μ2

V
+ kpy(μ0 + 2μ1)

]}
dt

where λis are the Lagrange multipliers. The variation of J is then given by

δJ = 2

⎡
⎣1
τ

τ∫
0

μ0μ2

μ2
1

dt−D∗

⎤
⎦ 1
τ

τ∫
0

(
μ2

μ2
1

δμ0 − 2μ0μ2

μ3
1

δμ1 +
μ0

μ2
1

δμ2

)
dt+

τ∫
0

{
λ1

[
−δẋ+

xf

V
δFx − x

V
(δFx + δFy)− (Fx + Fy)

V
δx− kx(xδy + yδx)

]

+ λ2

[
−δẏ +

yf
V
δFy − y

V
(δFx + δFy)− (Fx + Fy)

V
δy − kx(xδy + yδx)

−kp(μ0δy + yδμ0)

]
+ λ3

[
−δμ̇0 + kx(xδy + yδx)− μ0

V
(δFx + δFy)

− (Fx + Fy)

V
δμ0

]
+ λ4

[
−δμ̇1 + kx(xδy + yδx)− μ1

V
(δFx + δFy)
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− (Fx + Fy)

V
δμ1 + kp(μ0δy + yδμ0)

]
+ λ5

[
− δμ̇2 + kx(xδy + yδx)

− μ2

V
(δFx + δFy) + kp(μ0 + 2μ1)δy + kpy(δμ0 + 2δμ1)

]}
dt

2.4 The augmented functional is given by

J =

tf∫
0

[
u2 + λ1

(
−ẋ+

rx − αx2 − βx

τ
+ μy

)
+ λ2

(
−ẏ +

βx

τ
− μy

)]
dt

where λis are the Lagrange multipliers. The variation of J is then given by

δJ =

tf∫
0

[
2uδu+ λ1

(
−δẋ+

xru
τ

δu+
r − 2αx− β

τ
δx+ μδy

)
+

λ2

(
−δẏ +

β

τ
δx− μδy

)]
dt

2.5 Expand each term involving the variation of a derivative using integra-
tion by parts. For example,

τ∫
0

λ1δẋdt = [λ1δx]
τ
0 −

τ∫
0

λ̇1δxdt

Applying the above expansion to Exercise 2.3, we obtain

δJ = 2

⎡
⎣1
τ

τ∫
0

μ0μ2

μ2
1

dt−D∗

⎤
⎦1
τ

τ∫
0

(
μ2

μ2
1

δμ0 − 2μ0μ2

μ3
1

δμ1 +
μ0

μ2
1

δμ2

)
dt+

τ∫
0

{
λ1

[
xf

V
δFx − x

V
(δFx + δFy)− (Fx + Fy)

V
δx− kx(xδy + yδx)

]

+ λ2

[
yf
V
δFy − y

V
(δFx + δFy)− (Fx + Fy)

V
δy − kx(xδy + yδx)

−kp(μ0δy + yδμ0)

]
+ λ3

[
kx(xδy + yδx)− μ0

V
(δFx + δFy)
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− (Fx + Fy)

V
δμ0

]
+ λ4

[
kx(xδy + yδx)− μ1

V
(δFx + δFy)

− (Fx + Fy)

V
δμ1 + kp(μ0δy + yδμ0)

]
+ λ5

[
kx(xδy + yδx)

− μ2

V
(δFx + δFy) + kp(μ0 + 2μ1)δy + kpy(δμ0 + 2δμ1)

]}
dt

+

τ∫
0

(
λ̇1δx+ λ̇2δy + λ̇3δμ0 + λ̇4δμ1 + λ̇5δμ2

)
dt

−
[
λ1δx+ λ2δy + λ3δμ0 + λ4δμ1 + λ5δμ2

]τ
0︸ ︷︷ ︸

A=0

where the last group of terms denoted by A is zero due to periodic conditions.
Thus, if x(0) = x(τ), then δx(0) = δx(τ) and the corresponding terms in A
vanish.

In a similar manner, we obtain for Exercise 2.4,

δJ =

tf∫
0

[
2uδu+ λ1

(
xru
τ

δu+
r − 2αx− β

τ
δx+ μδy

)
+

λ2

(
β

τ
δx− μδy

)]
dt+

tf∫
0

(
λ̇1δx+ λ̇2δy

)
dt−

[
λ1δx+ λ2δy

]τ

where we have utilized the fact that δx(0) = δy(0) = 0 since x(0) and y(0)
are specified, i. e., fixed.

2.6 The augmented objective functional is given by

J =

τ∫
0

[
1− T

Te

]2
dt+

τ∫
0

R∫
r0

λ

[
−Ṫ +

k

rρCp
(Tr + rTrr) +

FCb(Tb − T )

Cp
+

ΔH

ρCp

]
dr dt
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where the Lagrange multiplier λ depends on t as well as r. The variation of
J is given by

δJ = −2

τ∫
0

(
1− T

Te

)
δT dt+

τ∫
0

R∫
r0

λ

[
−δṪ +

k

rρCp
(δTr + rδTrr) +

Cb

Cp
[(Tb − T )δF − FδT ] +

δ(ΔH)

ρCp

]
dr dt

Using integration by parts,

τ∫
0

R∫
r0

λδṪ dr dt =

R∫
r0

τ∫
0

λδṪ dt dr =

R∫
r0

[
λδT

]τ
0︸ ︷︷ ︸

zero due to
periodicity

dz −
R∫

r0

τ∫
0

λ̇δT dt dz

= −
τ∫

0

R∫
r0

λ̇δT dr dt

τ∫
0

R∫
r0

kλ

rρCp
δTr dr dt =

τ∫
0

[
kλ

rρCp
δT

]R
r0

dt−
τ∫

0

R∫
r0

[
kλr

rρCp
− kλ

r2ρCp

]
δT dr dt

τ∫
0

R∫
r0

kλ

ρCp
Trr dr dt =

τ∫
0

[
kλ

ρCp
δTr

]R
r0

dt−
τ∫

0

R∫
r0

kλr

ρCp
δTr dr dt

=

τ∫
0

[
kλ

ρCp
δTr

]R
r0

dt−
τ∫

0

[
kλr

ρCp
δT

]R
r0

dt+

τ∫
0

R∫
r0

kλrr

ρCp
δT dr dt

Substituting the last three equations into the expression for δJ , we get

δJ = −2

τ∫
0

(
1− T

Te

)
δT dt+

τ∫
0

R∫
r0

λ

{
Cb

Cp
[(Tb − T )δF − FδT ] +

δ(ΔH)

ρCp

}
dr dt

+

τ∫
0

[
k

rρCp
δT +

kλ

ρCp
δTr − kλr

ρCp
δT

]R
r0

dt+

τ∫
0

R∫
r0

[
λ̇+

kλrr

ρCp

]
δT dr dt

−
τ∫

0

R∫
r0

[
λrk

rρCp
− kλ

r2ρCp

]
δT dr dt
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2.7 The augmented functional is given by

J =

tf∫
0

[−Dcx(L)− J∗]2 dt+

tf∫
0

L∫
0

λ(−ċ+Dcxx) dxdt

where λ is the Lagrange multiplier, which depends on x and t. The variation
of J is given by

δJ = −2

tf∫
0

[Dcx(L) + J∗]Dδcx(L) dt+

tf∫
0

L∫
0

λ(−δċ+Dδcxx) dxdt

Using integration by parts, we get

tf∫
0

L∫
0

λδċ dxdt =

L∫
0

tf∫
0

λδċ dt dx =

L∫
0

[
λδc
]tf
0
dx−

L∫
0

tf∫
0

λ̇δc dt dx

=

L∫
0

[
λδc
]tf
0
dx−

tf∫
0

L∫
0

λ̇δc dxdt

L∫
0

tf∫
0

λDδcxx dt dx =

tf∫
0

[
λDδcx

]L
0
dt−

tf∫
0

L∫
0

Dλxδcx dxdt

=

tf∫
0

[
λDδcx

]L
0
dt−

tf∫
0

[
Dλxδc

]L
0
dt+

tf∫
0

L∫
0

(Dλxxδc dxdt

Substituting the above results in the expression of δJ , we get

δJ = −2

tf∫
0

[Dcx(L) + J∗]Dδcx(L) dt−
L∫

0

[
λδc
]tf
0
dx

+

tf∫
0

[
λDδcx −Dλxδc

]L
0
dt+

tf∫
0

L∫
0

(λ̇+Dλxx)δc dxdt

where the terms involving δc at x = L are zero since c(L, t) is specified, i. e.,
fixed.

2.8 All the involved partial derivatives must be continuous (see Section 2.5.1,
p. 41).
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2.9 If y0 < 0, then we can always find a small enough ε > 0 for which
y0 + ε < 0. Let y0 = −a2 and y0 +Δy = −b2 lie in the interval [y0− ε, y0+ ε].
Let Δy be positive and equal to c2. Then b2 − a2 = −c2 and[

d

dy
|y|
]
α=0

= lim
Δy→0

[ |y0 +Δy| − |y0|
Δy

]
= lim

Δy→0

[⏐⏐−b2
⏐⏐− ⏐⏐−a2

⏐⏐
Δy

]

= lim
Δy→0

[−c2

c2

]
= −1

Thus

dI(y0;h) = 2

1∫
0

[
d

dy
|y|
]
α=0

xdx = −1

We get the same result if Δy is negative and equal to −c2.
Likewise for y0 > 0, it can be easily shown that dI(y0;h) = 1.

Chapter 3

3.1 The Hamiltonian is given by

H = u2 − y2 + λ1(−y1u+ y1u
2) + λ2(y2u)

The necessary conditions for the minimum are

ẏ1 = Hλ1 = −y1u+ y1u
2, y1(0) = y1,0

ẏ2 = Hλ2 = y2u, y2(0) = 0

λ̇1 = −Hy1 = λ1(u− u2), λ1(tf) = 0

λ̇2 = −Hy2 = 1− λ2u, λ2(tf) = 0

Hu = 2u+ λ1(−y1 + 2y1u) + λ2y2 = 0

3.2 Equate δI to zero in Exercise 2.2. Then the necessary conditions for the
minimum are the coefficients of δy and δP equated to zero and the initial state.
Alternatively, discard the additive constant y0 appearing in the expressing for
I and utilize the Hamiltonian

H =
dy

dz
+ λτS

[−k1yP

2y0 − y
+

4k2(y0 − y)2P 2

(2y0 − y)2

]

= (1 + λ)τS

[−k1yP

2y0 − y
+

4k2(y0 − y)2P 2

(2y0 − y)2

]
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to obtain the following necessary conditions for the minimum:

dy

dz
= Hλ = τS

[−k1yP

2y0 − y
+

4k2(y0 − y)2P 2

(2y0 − y)2

]
, y(0) = y0

dλ

dz
= −Hy = −(1 + λ)τS

[ −k1P

2y0 − y
− k1yP

(2y0 − y)2
− 8k2(y0 − y)P 2

(2y0 − y)2
+

8k2(y0 − y)2P 2

(2y0 − y)3

]
, λ(tf) = 0

HP =
−k1y

2y0 − y
+

8k2(y0 − y)2P

(2y0 − y)2
= 0

3.3 This exercise is similar to Exercise 3.1 except for a greater number of
state equations and control functions.

3.4 Introduce y0 ≡ t, which means that

ẏ0 = 1 and ẏ = g(y0, y, u)

are the two state equations that govern I. In terms of

y ≡ [y0 y
]�

and g ≡ [1 g
]�

the problem is autonomous with the objective to find the minimum of

I =

tf∫
0

F [y(t), u(t)] dt

subject to ẏ = g.

Chapter 4

4.1

a. According to the preconditions for the optimum (see p.102), the partial
derivatives of F and g are continuous with respect to y and u. Then
from the existence theorem (Cauchy–Peano theorem), the solutions of

ẏ = g, y(0) = y0

λ̇ = −Hy = −Fy − λ�gy, λ(tf) = 0

exist and are continuous with respect to time.


