Ch. 1 Solutions

1.1.a)
1) =3]+)+4|-)

To normalize, introduce an overall complex multiplicative factor and solve for this factor
by imposing the normalization condition:

le =C(3[+)+4[-))
=(valv)= &7 B+ 4¢DHE @) +4| N}

=C C(9 +4) +12(+]-) +12(-[+) +16(-|-))=C"C(25)

cf = 25

Because an overall phase is physically meaningless, we choose C to be real and positive:
C =1/5. Hence the normalized input state is

|va)=3[+)+2]-).
Likewise:
lw,)=C(+)+2i|-))
1= {C"((+]-2i(-Hc (+)+2i]-))}=CC(+|+)+ 4(-|-))=Ic]" (5)
|‘/’2> f|+>+ -)
and
vs)=C () -¢"|)
1= {& @+ -e ™ (DHE @€ )}=CC () +1(-|))=[cf (10)
V)= 59— e 1)
b) The probabilities for state 1 are

=[] =[G Y
=lelvalf =l + 5 1=%<—|+>+%<—|—>|2=|%|2=%
For the other axes, we get

L)+ -

I:>1+><_ |l//1 ‘
vl \(,<+|—— N+ -3t -2
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Ch. 1 Solutions

2 1 i42 1

1y_‘ |V/1 ‘(f (+-% |X| 1 ﬁ___zg‘ =2
2 . 2

ety =[Gl DRI+ ) =l -4 =1

The probabilities for state 2 are
() =[G ZT—) -
P =Kl =G+ 21 -

P2,+ =

2+x: +|l//2>| ‘(f +| |XJ—|+ ZT_) :‘ﬁ*—%‘ :%
Py = <—|w2>| |G +|—T )+ 2) =l -4l =4
2
Py = |‘/’2 (J—<+| f |Xf|+ )4%4‘%‘ =1
2
Py = |‘/’2 ‘(J’<+|+ |Xf|+ ) :‘%_ﬁ‘ =1
The probabilities for state 3 are
2
=) =G -Fe ) = | =4
Py =-lwa) = -1 (G5 1+) - re"f/3|—>) =|-&e | =%
2
3+x_ X +|l//3 ‘(f +| |XJ_|+ J_elﬂ/3|_>)
:‘%_Jl_ in/3)’ =(3+4-$2c0s%)=%
2
P =l =@ - DG - )
:‘%+J_e'”/3 2 +4+52c0s%)=L
2
Puay =l v =[G -G -F 1)
:‘%+J‘2_0e‘”/32— 2+4-22sing )—20(10 3\/_)»024

Pooy =] (- lwa)f \(f<+| - E))

. |7z/3 ﬁ+20+ ZOZSIn )_ 20 @0+3\/_)—076
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Ch. 1 Solutions

c) Matrix notation:

d) Probabilities in matrix notation
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1l 1l
+ I
o o

olo 1_5 Y
4_5 | Il oy
Il o~ ~ Il
N <o <o N
| l_ﬁ I_ﬁ <o
- _ _ -
+ ™| ™lw —+
el[e} —lley ~ ™o
s |__”J % Y
Il o ~ Il
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TN o oo~
o < M <
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o Lo ~——
o o
— ' —
— | | —
— — — —
g S  — )\ —
I I
Il Il Il Il
o~ o o o
= = = =
S S S. S.
+ | + |
~— ~— ~— ~—
< x > >
Il Il Il Il
x x > >
+ + + |
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Ch. 1 Solutions

(1)
=Kl |1 0 (4 ) -l -1
2 1 ( 1 \2 2i2 4
N R I
2 1 1 ( 1 \\2 1 WP 1
P =hltlvall = (1 1 3 | 5 )| =l Sl =
2 1 1 ( 1 \2 1 2i P _ 1
o=l =[E (1 -1 )k L 2i =|&-& =1
(1
bl =k (1 -0 | 5 ) <l =
2 1 . 1 ( 1 \2_ 1 p 2_1
o=l =[5 (2 i Y | )| =l =%
2 1 3 \\2 3 |? 9
P =ty =((2 0 Yo | s || Il =
2 1( 3 \2 32 L
o=l =0 2 ) | g )| =T =%
3
. 2
Pt :| <+|'//3>|2:%(1 1 «/i_o L il J =‘%—ﬁe"”3 =%
_|a 1( 3 \2_3 1 ainf3)° 13
b (2 Y | | et -
( \[
P3,+y ‘Y<+|W3>‘2:%(1 1 \/1—0 L _?ﬁ/ J =‘%+ ”/3 20@.0 3\/_)—024
\\2
Py =|(-lwa) =% (1 '%L ﬂ/gJ =| & - e[ =5 @0+3v3)=0.76
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Ch. 1 Solutions

1.2 4a)
State 1

State 2

State 3

|w1>=i| Y+

|#)=al+)+b|-)

<¢1|y/1 =0 = (" (+[+b (-[}FH)+iE-))=0
'L+ =0 = a'=-ib'V2

af +b* =1 = |af+2L=1 = a=%

|4,)= f|7L )—i%]-)

|w2)= %|+>—L|—>
|¢2> +b| >
<¢2|'/’2>:0 = (a*<+ <—|X%|+>_%|_>):0

a%-b"%2=0 = a=b2

a|

af +[of =1 = [a +

|¢2> = f|+>+f|—>

‘—1 = a:%

)= f|+>+e'”/4} 0

|¢,) =al+)+b|-)

<¢3'%>=° = @ el () e )0
a*%+eiﬂ/4b*%:o A e — b _ge
af+bf =1 = [af+[af=1 = a=%

|4:)=F1+) - 1)

b) Inner products

4/19/13
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Ch. 1 Solutions

<
§
P73
=
!
ol
£
T
NG
|
5 %ﬁ
|
N
o
+
rn|§|
s
—
+
5
N

‘//2|‘//1 =

(i

(valv2) =
(vl vs)
(walvs)
(walw.)
(walws)
(waly)
(walya) =
(walwa)

(%<+|—%<—|)(%|+>—%|—>):H:l
vl = G| -+ 5510 s~ = (V2 -12)
et J2ie 14

vsl v, (%<+|+}%<—|X%+>+i%|—>):%+ = 5@+)
valv, (% %| )Zﬁ—zﬂ4=ﬁ@—ﬁ+i\/§)

Fl+)-
valva) =+ 5 l)(fl J+ &)+ i=1

1.3 Probability of measuring a, in state |y) is
2
P, = |<an | V/>|

Probability of same measurement if state is changed to €|y} is

Pan,NEW = <an ° >‘2
= ‘ei‘S (a,| l//>‘2
=[(as|w)l

So the probability is unchanged.
1.4
Pl,—x=|x<_|+>|2:%
[+), =al+)+b|-) B »
_ Py = () =4
), =cl+)+al-) 1
P, =|< - | =2

\/\/\/

P =|x(~ +>|2:‘{c* (+]+d"( |}{
Pyoe =L+ = (407 ()
P,y =] _‘{c (+]+d" (- |}{

T =l = ld°=%

T=pf = bf=2

\/ \/
Il

T=ldf = o =4
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Ch. 1 Solutions

1.5 a) Possible results of a measurement of the spin component S, are always +7/2 for a
spin-% particle. Probabilities are

P2 = |<+|'//> ‘+|(¢—|+>+'r| >) ‘%

H L2
Py = |‘//>| ‘ |(%|+>+|%|—>) =‘%‘ =2

b) Possible results of a measurement of the spin component Sy are always +7/2 for a
spin-% particle. Probabilities are

4

2
‘ 13

P =L () = |G+ H B +iE) =& +ia] =1
o=l = |G +|—— i) =l - =4
c) Histogram:
P P
1+ 1

Py Pix
1 i I B
S S
h ¢ n
2 2

1.6 a) Possible results of a measurement of the spin component S; are always +7/2 for a
spin-¥2 particle. Probabilities are

|
ST

|
ST

P = = (&), +isl-), ) =l +isf =3

2 = '/’ Wil N 7% ' 726 2
2 . 2

P =[-1w) =[G+, +ig1), ) =& -] =4

b) Possible results of a measurement of the spin component Sy are always +7/2 for a
spin-% particle. Probabilities are

P =L = Gl + i), ) =l =%
2. =l =[Gl i), ) =Ll =8
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Ch. 1 Solutions

c) Histogram:

P P
1 p . 1+
P P,
Pix
LJ s N
h h h h
2 2 ) 2
1.7 a) Heads or tails: Hor T
b) Each result is equally likely so
P =%
Pr=3
c) Histogram:
P
1
Pr Py
Side
Tails Heads

1.8 a) Six sides with 1, 2, 3, 4, 5, or 6 dots.
b) Each result is equally likely so

I31:P2=P3=P4=P5:P6:%

c) Histogram:

Roll
1 23 456

4/19/13
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Ch. 1 Solutions

1.9 a) 36 possible die combinations with 11 possible numerical results:

2=1+1
3=1+2,2+1
4=1+32+2,3+1

5=1+4,2+3,3+2,4+1
6=1+52+4,3+3,4+2,5+1

7=1+6,2+53+4,4+35+2,6+1

8=2+6,3+5,4+4,5+3,6+2
9=3+6,4+55+4,6+3

10=4+6,5+56+4

11=5+6,6+5
12=6+6

b) Each possible die combination is equally likely, so the probabilities of the
numerical results are the number of possible combinations divided by 36:

=L -2 _1 -3 _1 =
P2_36' P3_36_18' P4_36_12’ Ps_

=3 =4 _1 =3 -1 =2 —
Ps—se'Pg—se—g’ Plo—se—lz'Pll—se—

4_1p_5
36 9 P6_36

—1

1
1w P2 =%

Note that the sum of the probabilities is unity as it must be.

c) Histogram:

P

1

—_ 6 _
P_36

1
6

2 4 6 81012 Roll
1.10 a) The probabilities for state 1 are

= =K+ i) I% -4

=~ =[G +ig) =lid =2
a,+x=x<+|w1|2=(% FCE) ) =g =
R =lul )l =[Gt = D)+ i81) =gt -4 =4
Py =l =G - CDED+ ) =|H+ 53 =2
Ry =l vl =[G el D+ =t 53 =5

4/19/13
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Ch. 1 Solutions

The probabilities for state 2 are
=| Hya) =K@ -1 =l =%
=) =K1Y = =%

P = (el = |G el DE) -2 =t - =
R P I CE RS ) I SE ) I TR I
NI CIUEEC) CRSIED) I CEEEs
N T I TR ) CRSIER) I T

The probabilities for state 3 are

Py, =y =[(HEE iz =4 =2
P, = |w3|-\ I +ig-)) =ligf =%
2
Proe =yl = |G+ e+ Y =g+ 58 =3
|w3>|2 CLa e SHDMED) I T EER IS
V2 V2 V2 2
) 2 2
\ +|w3>\2 G-+ =3 =3
) . 2 2
3 AR 57)) T E 5 ES T
=Ll =G+ D)D) = 5e -4 =4

b) States 2 and 3 differ only by an overall phase of €' = -1, so the measurement results
are the same; the states are physically indistinguishable. States 1 and 2 have different
relative phases between the coefficients, so they produce different results.

1.11 a) Possible results of a measurement of the spin component S, are always +7/2 for
a spin-Y2 particle. Probabilities are

P+h/2=|<+|w> N C[ENRMEIR) T

P =l =f Al + 1 1) ) =fia] =5 =074

b) After the measurement result of the spin component S, is —#/2, the system is in the
|-) eigenstate corresponding to that result. The possible results of a measurement of the
spin component Sy are always +7/2 for a spin-%2 particle. The probabilities are

(+ G50 =l -
P = (v =11 =G +|—— ) =4 -

=[{+) =

P l//after> 2

+X

-X

W ater >
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Ch. 1 Solutions

C) Diagrams

1.12 For a system with three possible measurement results: a;, a,, and as, the three
eigenstates are |a, ), |a,), and |a,)
Orthogonality:

Normalization:

Completeness:

lw)=c.a)+c,[a,)+cla)

1.13 a) For a system with three possible measurement results: a;, a,, and as, the three
eigenstates |a,), |a,), and |a,) are

(1) (

wld] wel]

o O
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Ch. 1 Solutions

b) In matrix notation, the state is

|'//>D[ :2 J

The state given is not normalized, so first we normalize it:

(1)

Mo 2]

(1)
1=(yly)=c"(1 -2 5 )Ct 2 ch*C(1+4+25):1 -~ C=1/J30

5

The probabilities are

(1
P, =[(au|w) (100}[ zJ | =4
5
: (1 2
Pa2=|(a2|z//)| =(0 10 )J% ) :‘_%‘ s
5
2 SRV
P, =[as|w)] =(0 0 1)% 2 :‘%‘ _z
5

Histogram:

c) In matrix notation, the state is

4/19/13
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Ch. 1 Solutions

The state given is not normalized, so first we normalize it:

|W>=C{ 32!}

wlv)=c'(2 - o )ct 3.J C'C(4+9+0)=1 = C-Yi3

N

o

The probabilities are

(2 )
P, =l aulw)f (100}[3.J=% -4
(2

0
2
2 2 .12
P =[@lv) =|(0 1 0 )| 3 | =|% =2
0
: (2
Pa3:|<a3|y,>| :(0 01 )J% 3 :‘%‘ -0
0
Histogram:
P
1 ?,
Pa,
Py,
1 A
ai t2h) as

1.14. There are four possible measurement results: 2 eV, 4eV, 7€V, and 9eV. The
probabilities are

2
P o =[(2 eV |y ‘(2 ev|%{3|2 eV)—i|4 eV)+2e™7|7 eV)+5|9 eV)}{ =

2
P, o =|(4 EV|l//>|2 =‘<4 ev|%{3|2 eV)—i|4 eV)+2e™"|7 eV)+5|9 eV)}{ =

4/19/13 1-13
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2
P =7 V) ‘2eV|\/_{3|2 eV)—i|4 eV)+2e™"|7 eV)+5|9 eV>}{ =4

2
Py o =[(9 eV |y :‘(2 ev|E{3|2 eV)—i|4 eV)+2e™7|7 eV)+5|9 eV)}{ =5

Histogram:
P
1 Py
7)2 7)4 (/)7 I
I L gev)
2 4 79

1.15 The probability is

PW=\<W>F=( CARENCHRENCY) ERER PNATY |
=[ER VB =B il =des=3

1.16 The measured probabilities are

P=3 P,=% P,=0067
P=3 P,=%¢ P,=0933
Write the input state as
) =al+)+Db|-)

Equating the predicted S, probabilities and the experimental results gives
2 2
=+ =+l )+ b)) =laf =1 = a=%
2 2
P =[~lw) =[(-I{al+)+b|-)} =b' =% = b=Ze"

allowing for a possible relative phase. Equating the predicted S, probabilities and the
experimental results gives

=| {+|w 2:‘% (-1} {+ +ei”’|—>}{2:‘l {1+e"”}{2
{1+e"”}{1+e"¢} {1+1+e"”+e"”’} 1{l+cosg}=2
cosg=12 = ¢=% or %
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Ch. 1 Solutions

Equating the predicted S, probabilities and the experimental results gives

=l = =i e <[ et )
:i{l—ie‘“’}{lﬂe““’}:i{1+1—iei“’+ie‘"”}:%{1+sin¢}=0.067
sing=-0.866 = ¢=4 or % = ¢g==

3

Hence the input state is

W) =%+ g o

1.17 Follow the solution method given in the lab handout. (i) For unknown number 1,
the measured probabilities are

o
Il
o
Il

>

o
1

y

e

Il

o -
e

Il

O

Il

Nl N
Nk N

<

Write the unknown state as
lw1)=al+)+b|-)

Equating the predicted S, probabilities and the experimental results gives

|< |V/1| \+|{a| )+b|- )}{2=|a|2:1 = a=1

P =fva) =[-Hale)+bl) ) = =0 = b=0
Hence the unknown state is
v =1+)

which produces the probabilities

P =[] =l =1

P ==l =i <o

Pc=lue )l = |Gl D =4

P =l lwf =[G ) =

Py =l =[G el =

P =l lw)f = |GG+ N =

in agreement with the experiment.
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Ch. 1 Solutions

(if) For unknown number 2, the measured probabilities are

P+ = P+x

1 1
2 2
P=1 P =L P =1

Write the unknown state as

lw,)=al+)+b|-)
Equating the predicted S, probabilities and the experimental results gives
v ==t = a=1L
P, =[(+|w.) = [(+l{al+)+b]-) ]
|< |l//2| _‘ |{a|+ +b| >}{2=|b|2=% = b:%ew

allowing for a possible relative phase. Equating the predicted S, probabilities and the
experimental results gives

P =] (+w) = 5 {1+ 1 {0+ e”’|—)}{2 =[5 f+e” }{2
=4 {1+ e }{1+ e }z 1 {1+1+ e’ e }:%{1+ cosg}=1

cosp=0 = ¢=3% or 3

Equating the predicted S, probabilities and the experimental results gives
2 . i 2 . is 2
Po =l vl =[5 e -1 e =l e
=1+fi-ie? Hi+ie™ }=1 {l+1-ie” +ie ™ }=1 {L+sing}=0
sing=-1 = ¢=%
Hence the unknown state is
o) =%(++eT 1D H(H-i1-)=1-),
which produces the probabilities
. 2
a=|<+|w2>|2=\<+|Aq+>—u|—>1
. 2
(vl =[-1E(H-i-)) =4

o=l v = (D (-1 =4
P =

I N () S (P j -

|
== DE -1 =
|
=[G -I) =1
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Ch. 1 Solutions

in agreement with the experiment.
(iii) For unknown number 3, the measured probabilities are

Write the unknown state as
|ws)=al+)+b|-)
Equating the predicted S, probabilities and the experimental results gives
P :|(+|z//3)|2 :‘(+|{a|+>+b|—>}{2 =laf=4 = a=%
P [y <[l fa) +ol) <o =3 = b=gre”

allowing for a possible relative phase. Equating the predicted S, probabilities and the
experimental results gives

(el = o+ e ) = [ e )
=17 {1+ e }{1+ e }: 1 {1+1+ e¥+e }:%{1+ cosg}=1

cosg=—3 = ¢=% or

P+x =

Equating the predicted S, probabilities and the experimental results gives
P,= \y<+|y/3>\2 = {1 {0+ ei¢|_>}f =[5 f1-ie” }{2
=1fi-ie” Hi+ie ™ }=1 fl+1-ie" +ie ™ }=1 {L+sing}=0.067

sing=-0.866 = ¢=4 or * = ¢=4

Hence the unknown state is

) =% () + e P s s

which produces the probabilities
N
P =Kl = [l (€7 1)) =
iAn 2
P =l =[(-1 (+ % 1)) =

P =yl =+ g () €9 1)) =0 cos)=1
P =Ll =[G D () e 1) =20 cost)=
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P,y :‘y<+|§//3>‘2 =

P—y:‘ |‘/’3‘

B (e _>)2 = 1(1+sin%)=1 (12 )= 0067
L ((+]+i( |)—(+>+e47 )z%(l—Sin%)=%(1+§}0.933

in agreement with the experiment.
(iv) For unknown number 4, the measured probabilities are

Write the unknown state as
|v.)=al+)+b|-)
Equating the predicted S, probabilities and the experimental results gives
=[elwdl =l +pl) ) =l =4 = a=3
P =y =l +bl) ) = =3 = b=fe

allowing for a possible relative phase. Equating the predicted S, probabilities and the
experimental results gives

P =

oyl = el 13 e Vet ) | [ty fe Ve
{l \/_e”’}{l \/_e"¢} {L+3+\/_e'¢+\/_e ”’} {2+\/_COS¢}
cos¢=73 = ¢==% or i
Equating the predicted S, probabilities and the experimental results gives
Py =y (el = =i 13 o)+ Be 1) } = [ f-ivEet |
—{1—|\/§e'¢}{l+ix/§e"¢}=l{1+ 3—i/3e" +iy/3e ™ }z%{2+x/§sin¢}= 0.283

sing=-050 = ¢=2% or I = g¢g=1=

Hence the unknown state is
y) =410+ Fe¥ ) =cossl ) rsinge’™ )= |4)y )

which produces the probabilities
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Ch. 1 Solutions

el [l (Ve 1)) =2
[ lwf = [+ V3 ) =

P =L+ w)

P = lydf =l el - D+ Va1 ) -
P =l = [ i () + B 1)) =
Py =l{-lwal =%

in agreement with the experiment.

[ = @+ D (3 —>)2 = 4(2+/3cos i )-
1(2-3coste )=

%(2+£sin%):%(2—§): 0.283
[ i3 ) ) = 3@ VEsinte ) 12+ £)- 0717
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